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Generalized Characteristic Boundary Conditions
for Computational Aeroacoustics

Jae Wook Kim* and Duck Joo Lee'
Korea Advanced Institute of Science and Technology, Taejon 305-701, Republic of Korea

An extended conservative formalism of the characteristic boundary conditions is presented on the basis of the
generalized coordinates for practical computational aeroacoustics. The formalism is derived for solving the entire
conservative form of the compressible Euler or Navier-Stokes equations on the body-fitted grid mesh system by
using the high-order and high-resolution numerical schemes. It includes the matrices of transformation between
the conservative and the characteristic variables, which were already derived in the literature to analyze the
eigenvalue-eigenvector modes in an arbitrary direction. The conservation-form governing equations with their
full terms are solved at the boundaries, and no kind of extrapolation or simplification of the equations is included
in this formalism. Additional correction terms are devised to preserve the conservative form of flux derivative
terms in the generalized coordinates. Especially, the soft inflow conditions are presented to keep the nonreflecting
features, as well as to maintain the mean value of inflow velocity at the inlet boundary. These boundary conditions
are applied to the actual computation of two-dimensional viscous cylinder flows with Reynolds number of 400
on the grid meshes clustered on the cylinder surface and the downstream region. The Strouhal number due to
von Karman vortex streets, root-mean-square lift coefficient, and mean drag coefficient are evaluated correctly in
comparison with experimental data. The far-field sound pressure levels are measured directly in this computation,
and the accuracy is validated by an analytic formula derived in the literature.

I. Introduction

ECENT computationalaeroacoustics(CAA) or computational

fluid dynamics for the compressible flows can be classified
mainly into three cases: 1) unsteady free shear or jet flow, 2) steady
or unsteady flow around a solid body, and 3) scattering of acous-
tic waves over a solid body without mean flow. Case 1 uses uni-
form or nonuniform rectangular grid meshes and time-dependent
far-field boundary conditions without a solid body in the flow. Case 2
uses body-fitted grid meshes in generalized coordinates and simple
boundary conditions for surface pressure, where the major inter-
ests are the flows over the surface, not the far-field acoustic pres-
sure. Case 3 uses linearized governing equations with high-order
schemes and time-dependentboundary conditions for the body and
the far field, where the acoustic sources are given, not generated.
Many kinds of numerical algorithms and boundary conditions have
been developed for each case with their own original contributions,
but these are confined to the limit conditions as mentioned earlier.
The ultimate purpose is to achieve a general algorithm and solver
for direct computation of both the flow near a solid body and the
acoustic waves in far field, which is able to cover all three cases.
This kind of work has not yet been accomplished, in spite of many
previous attempts. Some difficulties in approaching this goal ap-
pear in the presence of a solid body that requires special treatments
to the boundary conditions for the surface and the far field on the
body-fitted grid meshes in the generalized coordinates.

In this study, it is realized that there are three essential parts to
satisfy the purpose, 1) the high-order and high-resolution schemes
in both space and time, 2) entire conservation-formgoverning equa-
tions on the body-fitted grid meshes in the generalized coordinates
(conservationform means all of the spatial variablesincludingtrans-
formation metrics and Jacobians are contained in the differential
operator), and 3) accurate time-dependent boundary conditions to
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solve the entire conservation-formgoverning equations at the body
surface and the far-field plane including soft (nonreflecting) inflow
conditions in the presence of a solid body as a acoustic generator.!

Part 1 is used for accurate and precise evaluations of the spatial
derivatives and the temporal integrals, which require more compu-
tation time than the other standard schemes. Part 2 has an important
meaning, especially when the target problem includes nonlineardis-
continuous waves, because the nonlinear flow properties at the near
field become effective dipole or quadrupole sources of sound at the
far field as Mach number increases. (Usually, the nonconservation-
form equations produce well-known errors in phase speeds or lo-
cations of the nonlinear waves, as have been reported in the liter-
ature.) Moreover, part 2 demands much less computation time for
differencing operations than in the case of using part 1 because the
numbers of spatial derivative terms of the entire conservation-form
equations are one-half times in two dimensions and one-third times
in three dimensions as many as those of the nonconservation-form
equations, in the generalized coordinates. Therefore, part 2 has ad-
vantagesin nonlinearityand efficiency at the same time. Part 3 is the
focus of this paper. The authors choose the characteristicboundary
conditionsto meet part 3 because these can be used for both the solid
body and the far field, do not require any linearizationor asymptotic
analysis, and especially can work well with part 2. Especially the
soft (nonreflecting) inflow conditions are very critical in the case
of flow around a solid body. Some numerical errors in the presence
of a solid body can contaminate the flowfield rapidly because the
dipolesource of the solid body is much stronger than the quadrupole
source of a pure jet or shear flow in the subsonic range. This pa-
per presents a generalized formalism of the characteristicboundary
conditions including the soft inflow conditions for the solutions of
entire conservation-formgoverning equations, to satisfy parts 2 and
3 at the same time and to accomplish the ultimate purpose mentioned
earlier.

Recently, severalkinds of numerical boundary conditionsthat are
physically precise and correct have been proposed for the unsteady
CAA. These proposals can be classified in several categories??
namely, the quasi-one-dimensioml characteristics;® the decom-
positionof solutions into Fourier modes,’ the asymptoticanalysisof
governingequationsfrom alarge distance }~1° the perfectlymatched
layer technique,'!'? and the artificial boundary conditions.!>!* As
for the characteristic boundary conditions, Thompson*® decom-
posedhyperbolicequationsinto wave modes of definite velocity and
then specified the characteristic boundary conditions for incoming



KIM AND LEE 2041

waves. The starting point of his analysis was the nonlinear Eu-
ler equations. The idea of his approach was that one-dimensional
characteristic analysis could be performed by consideration of the
transverse terms as a constant source term. The amplitudes of out-
ward propagating waves are defined entirely from the variables in-
side computational domain, whereas those of inward propagating
waves are specified as the characteristic boundary conditions. This
approachincludes no linearization procedure and is not intended for
idealizedmodel problems. Thus, these kinds of boundary conditions
can be applied to both linear and nonlinear problems at the same
time. The characteristicboundary conditions were utilized and de-
veloped by Poinsot and Lele® for the Navier-Stokes computations
with the low-dissipationand low-dispersionalgorithms. These were
still based on the local one-dimensionalinviscid analysis, which has
remained a defect of the characteristicboundary conditions with the
lack of true multidimensionality. The challenge remains to get rid
of this kind of defect. Recently Lockhard and Morris' introduced
a possible way to improve the multidimensionalityof the character-
istic boundary conditions at the slip wall.

The variations of characteristic boundary conditions have been
used for the past two decades in problems and research areas.>~®
However, thus far no one has presenteda conservativeformulationof
the characteristicboundary conditionsderived on the basis of gener-
alized coordinates for the nonuniformbody-fitted grid meshes, even
thoughthosecalculationswere made in generalizedcoordinateswith
a solid body, which was done possibly by the nonconservativeform
obtained directly from a simple coordinate transformationusing the
chainrule. Moreover, each of those works was confined to only one
of the three cases (1-3) described at the beginning of this section,
and therefore it was impossible to calculate both the near-field flow
fluctuations and the far-field acoustic waves at the same time. This
paperis devoted to overcome this limitation for CAA and to suggest
an improved algorithm that is able to cover all three cases.

In the present paper, the generalized characteristicboundary con-
ditions are proposed for practical CAA on nonuniform body-fitted
grid meshes. Extended conservative formulations are derived in the
generalizedcoordinatesfor solvingthe entire conservation-formEu-
ler or Navier-Stokes equationsusing high-orderand high-resolution
numerical schemes. In this approach,the additional correctionterms
are devised to preserve the conservative form of the flux derivative
terms in the generalized coordinates. The meaning and importance
of the conservative form in the generalized coordinates has already
been emphasized earlier. This paper presents the conservative for-
malism of the generalized characteristic boundary conditions for
the first time, among the many publications about the character-
istic boundary conditions. Thus its derivation procedure is neither
straightforwardnor simple, and it will be a guide for many users of
the characteristicboundary conditions.

In particular, this paper presents the soft inflow conditions for
CAA 1in the presence of a solid body. Usually, the velocity or mass
flux and the temperature have been fixed by a constant value or
prescribed by some functions at the inlet boundary, as suggested by
Thompson,*> Poinsot and Lele,’ and most previous publications.
This kind of conditioncannotkeep up with the acoustic waves prop-
agating upstreamand passing throughthe inlet boundary. Moreover,
nonphysical disturbances at the inlet boundary can eventually con-
taminate the whole acoustic field, especially in the presence of a
solid body, because the interaction between the inflow disturbances
and the body surface can generate an efficient dipole noise source.
This kind of trouble can be overcome by introducing the soft inflow
conditions, and the sound pressure level can be calculated accu-
rately at the inlet boundary as well as at the exit boundary, which is
illustrated by the computation results in this paper.

The need for accurate and efficient numerical algorithms of high
orderand highresolutionhas been increasedfor CAA because these
are able to simulate the generation and propagation of high wave
number (or high-frequency) and small-amplitude wave components
directly. These are almost nondissipative and much less dispersive
than the standard low-order ones that have been used widely so far.
By using high-order and high-resolutionnumerical algorithms, the
boundary conditionsdevelopedin this paper are applied to an actual
computation. The target problem is two-dimensional viscous cylin-

der flow of Re., =400 and M. =0.3, which generates the well-
known von Kérmdn vortex streets. The nondimensional frequency
(Strouhal number) of shedding vortices, the rms lift coefficient, and
the mean drag coefficient are evaluated and compared with the pre-
vious experimentaldata. Far-field acoustic pressuresinduced by the
dipole sound source are measured directly in this computation, and
their overallsound pressurelevels are compared with the analytices-
timations provided by the literature. Feasibility and accuracy of the
generalized characteristic boundary conditions including the soft
inflow conditions are investigated and tested for further practical
CAA with the high-order and high-resolutionschemes.

II. Generalized Formulation

A. Transformation to Characteristic Form

The conservation-formNavier-Stokes equationsin Cartesian co-
ordinates can be decomposed into locally one-dimensional wave
modes. This can be done by use of flux-Jacobian and transforma-
tion matrices between the conservative and the characteristic vari-
ables, which had been derived to analyze Euler equations through
eigenvalue-eigenvector modes in an arbitrary direction. These ma-
trices are already derived in Refs. 16 and 17 and used for the de-
velopment of generalized characteristic boundary conditionsin the
present paper. The three-dimensional conservation-form Navier—

Stokes equations can be represented in Cartesian coordinates as
0 oE oF oG
0 +—+—+— =8y (D)
ot 0x oy 0z

where the conservative variables and the inviscid flux vectors are
given as

0 =I[p.pu,pv, pw, pe,]"
> T
E = [pu, pu® + p, pvu, pwu, (pe, + p)u]
2 T
F =[pv, puv, pv? + p, pwv, (pe, + p)v]

T
G = [pw, puw, pvw, pw? + p, (pe, + p)w |

and Sy is a source term that consists of the viscous flux derivative
terms represented as
oE, oF, oGy

Sy = + +
0x oy 0z

where the viscous flux vectors, the stress tensor components, and
the heat fluxes are given as
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The starting point of analysis for the development of boundary
conditions is Eq. (1). This equation is simply transformed to the
nonconservation-form equation in generalized coordinates by the
chain rule, and the resulting equation is

i u
B{) 'l( (7 - 1)_2éY
C
. &
B,-1 =& —=
y 2 ) P
P = B, 1. (r - D=l + &
¢ p
-1 I
i(y e =Y ) C.-1,
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Equation (2) can be transformed into a characteristic form in the
direction normal to the computational boundary surface where &
keeps a constant value and the resulting quasi-linear characteristic
wave equation is obtained as

—_t+ A— =—P_IS:(, (3)

where the underscore means matrix. Equation (3) focuses only on
the fluxes in the normal direction, whereas the transverse fluxes are
considered as a source term. Then the newly defined source term is

¢ _g °0E  9F 2G
y — OV nx an 77) an n¥ an

oG
(Ct aC C) ac C"a_é,>

The characteristic variables and the eigenvalues are represented as
SR =P'50
=[5 — (1/Ap, SW, 5V, (1/ po)dp + 8U, (1/ po)dp — SU]"

A (diagonal)

T
=[U,U,U,U+c/§3+§3+§3,U—c/§3+§§+§3]
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where c is the speed of sound. The normal (contravariant) velocity
and its differential are given as
U=&u+&v+Eaw, U =Edu+E&S + Edw

and the velocity differentialsin the directionparallel to the boundary
surface are given as

SV = —E.6v + Edu, SW =E.6w — Edu
The transformationmatrix from the characteristicto the conservative
variables and its inverse matrix can diagonalize the flux-Jacobian
matrices in an arbitrary direction, and the resulting diagonal terms
become the eigenvalues. These matrices and the diagonalization
procedure are expressed precisely in Refs. 16 and 17. The transfor-
mation matrix from the conservative to the characteristic variables
and its constituting variables is

w o~ & -1~
(r-DLE+ = gonip-os 1y
C C
‘gt 7/_1"‘
1)_‘5) (7 - 1)_2‘5) += - 2 y
Vo~ 5 w o~ y—1-
(r =D& - s (r = b=e =
-1
C, -1, C,-L !
pc
y—1
c_-1, C.-1.
pc |

==x(:/p) = [(y = D/pcly

where the unit vector in the direction normal to the boundary and
x-, ¥-, and z-direction unit vectors are given as follows:

=G50 =(1//arere)e a0

I, =(1,0,0), I, =(0,1,0), I,=(0,0,1)

B. Analysis of Local One-Dimensional Wave Modes
and Transformation to Conservative Form

Characteristic boundary conditions start from Eq. (3). An incom-
ing convectiontermin the quasi-one-dimensiond wave equation (3)
should be determined by the other outgoing terms according to
proper physical boundary conditions. Without physical boundary
conditions, the incoming waves at the boundary surface have no
meaning because there is no known information outside the compu-
tationaldomain. If one defines another expressionfor the convection
terms as

L =A4—

55

then the values of incoming L; are determined by those of outgoing

terms according to the soft inflow, the nonreflecting outflow or the

wall conditions, where the incoming and the outgoing terms are

distinguishedby their eigenvalues, that is, the convectionvelocities.

After this kind of treatment, the convection terms in Eq. (3) are

transformed to the flux derivative terms in Eq. (2) by using the
following relation:

i=12...,5 @)

E+ —F+ E—PAaR =PL 5)
éx 85 éy 85 52 85 s 85 =

where the transformation matrix from the characteristic to the con-
servative variables and its constituting variables are
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EX 5}’ éz
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Z

C. Implementation Procedures for Conservation Form
in Generalized Coordinates

Usually the governing equations are solved in the generalized
coordinates for practical problems with boundaries such as curved
surfaces or bent corners with arbitrary turning angle. Even without
such boundaries, the generalized equations should be used when
the grid mesh is nonuniform or clustered near some positions. The
conservation-form Navier-Stokes equations can be derived in the
generalized coordinates after some mathematics from Eq. (2), and
these can be represented as

oF oG
+

20  oE e
§+a—‘§+a—17 a_C_SV (6)

where the inviscid flux vectors in the generalized coordinates are
given as
0=0/J. E=(Q/NEE+EF+EG)

F =1/ (nE + n,F + n.G), G =1/ (E + ¢ F + ¢.G)

and Sy is a source term that consists of the viscous flux derivative
terms in the generalized coordinates, which is represented as

OE F ¢
v, 9Fv 3Gy
o on  o¢

where the viscous flux vectors in the generalized coordinates are as
follows:

SV=

Ey =(1/)&Ey + &Fy + £Gy)
Fy =(1/J)(n.Ev + n,Fy + n.Gy)
Gy =(1/1)(GEy + §Fy + 6.Gy)

At the computational boundary, where & keeps a constant value,
the second term in Eq. (6), which is a conservation-form normal-
flux derivative term in the & direction, should be corrected with the
physical boundary conditions. In the first step, it is simply evaluated
by numerical methods such as finite difference schemes and then it
is transformed to the characteristic convection term to implement
physical boundary conditions in the wave modes. The relation be-
tween the conservation-form normal-flux derivative term and the
characteristic convection term is given as

P AW AW 0\ T
(7

In the next step, the physical boundary conditions are imposed
on the characteristic convection term L, where the incoming com-
ponents of L are recalculated by the other outgoing ones. In this
way, newly updated L* is obtained. Finally, the conservation-form
normal-flux derivative term can be precisely corrected with the fol-
lowing relation:

() 4 [4(6)2(5) )]
o0& J- o0&\ J o0&\ J o0&\ J

®)

(p/2c)(H +cv-1g)

pl2c pl2c
(p/20)u +Ec)  (pl20)(u — &)
(pl20)v + &) (p/20)(v —&0)
(p/20)(w + &) (pl20)(w — &)
(p/2c)(H —cv- 1)

b =(v*12)l: + p(v X1s), H=pP2+cy -1

Equation (8) is the same as Eq. (7). However, one is used for
correction of the characteristic convection term and the other for
recalculation of the resulting normal-flux derivative term. The ad-
ditional terms in the square bracket are newly devised to preserve
the conservative form of the governing equations in the generalized
coordinates.

D. Local One-Dimensional Inviscid Relations

Ateach point of the boundary, the local one-dimensionalinviscid
(LODI) systemcan be obtainedby consideringthe wave equation(3)
and neglecting its source term that contains transverse and viscous
derivatives.The resultingequationsare easy to interpretand allow us
to infer values for the wave amplitude variations by considering the
flow locally as inviscid and one dimensional. The relations obtained
by this idea are not the physical conditions exactly, but should be
viewed as compatibility relations between the choices made for the
physical boundary conditions and the amplitudes of waves crossing
the boundary’

The LODI system can be cast in many differentforms, depending
on the choice of variables? In terms of the primitive variables, the
LODI system is represented as follows:

op p
4L +—(L,+ L5 =
=, | 2C(4 5) =0 ©9)
op  pc
— 4+ —=(L,+ Ly = 1
= 2(4 5) =0 (10)
oW
— +L,= 11
> 2 (11)
ov
—_+t L = 12
S 3 (12)
LU P (13)
o 20 v T

Values obtained for the wave amplitude variations through LODI
relations will be approximate because the complete Navier-Stokes
equations involve transverse and viscous terms. Recall, however,
that the boundary variables will be advanced in time using the sys-
tem of Eq. (6), and thus the transverse and the viscous terms will
effectively be taken into account at this stage. The LODI relations
are used only to estimate the incoming wave amplitude variations.
However, it seems obvious that the characteristic boundary condi-
tions based on the LODI relations have a limitation in considering
multidimensional interactions of the waves, so far. The approxi-
mation at this level can be tolerated as long as the physics of the
boundary conditions are correct in the system. As reported in the
literature, the crisis arises when strong vortices, that is, the compact
sources of oblique vorticity waves, pass through the boundary in
the case of high-speedjet or shear flows, where the LODI relations
makes serious acoustic reflections without proper treatments.>>6
Attempts should be made to get beyond the LODI approximations
and to approach the true multidimensionality in the future.

III. Practical Implementation
In this section, more detail of the generalized characteristic
boundary conditions is given by presenting examples of practi-
cal implementation. The physical properties of the boundary are
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included, and therefore, the examples are classified according to
physical conditions. The soft (nonreflecting) inflow conditions will
be given more attention because these raise additional difficulties
as explained in the Introduction. The examples are presented in the
following subsections.

A. Soft Inflow Conditions

Many sets of physicalboundaryconditionscan be consideredon a
subsonicinletboundary.As an example,one can choosea case where
some primitive variables are imposed by a predetermined function
onit. For example, Poinsotand Lele® prescribedthe velocity and the
temperature by fixed functions or the freestream values at the inlet
boundary. This case, however, will be physicallyincorrectand gives
wrong results from the aeroacoustic point of view because the inlet
plane & =0 is a hard boundary and nonphysical wave reflections
can be produced on it. It is proper to fix the primitive variables only
when the inflow is supersonic. Therefore, soft boundary conditions
are needed for physically correct aeroacoustic solutions on the sub-
sonic inlet boundary. Typical nonreflecting conditions can be used
as the soft inflow boundary conditions, but these may decrease the
inflow velocity as compression waves pass through the inlet plane
and cannot maintain the desired inflow states, which becomes more
significant when a solid body is located in the flow. The soft inflow
conditions with nonreflective features and maintaining the mean
amplitude of the inflow velocity are considered here. For a three-
dimensional subsonic flow, four characteristic waves, L, L,, Ls,
and L, are entering the computational domain while one wave Ls
is leaving it at the speed of A5. To advance the solution in time on
the boundary, it is necessary to determine the amplitudes L; of the
different waves crossing the boundary. Only one of these waves,
Ls, can be computed from interior node points, and the others are
determined by the soft inflow conditions.

One special physical condition is chosen for the soft inflow con-
ditions in this paper; that is, far upstream velocity and pressure are
imposed. Moreover, when the inlet plane is located in the far field
from disturbances, one can consider the inflow isentropicif viewed
in the direction normal to the boundary, and a quasi-isentropiccon-
dition can be imposed on it. These conditions do not fix any com-
ponents of the primitive variables; thus all of the equations in the
system of Eq. (6) should be solved at the boundary. The condition
of far upstream velocity and pressure specified is now used to obtain
the amplitude variations of the incoming waves L,, L3, and L,. The
quasi-isentropic condition is for another incoming wave L;. The
outgoing wave Ls is computed from interior points using Eq. (7).

If the inlet velocity and pressure are not close to those in far
upstream, reflected waves will enter the domain through the inlet
boundary to bring the mean inlet velocity and pressure back, close
to the far upstream value. A simple way to ensure a well-posed state
is to set the amplitude of the incoming wave as

Ly = Ki[(W = We)/2] = K {[E(w — weo) — E(u — u)1/2}
(14)
Ly = Ky[(V = V)/2] = K {[=E.(v = vo) + & (u — u)1/2}
(15)
Ly = Ku[(U = Ua) + (p = o)/ pc]

= Kl&(u — o) + E,(v —veo) + E(W — W)

+ (P = P/ pc] (16)

where K, is a constant expressed as

Kin =0 (1 = M2, )(c/ 1) (17)

max

where o, is a coefficient to control the partial reflectivity at the inlet
boundary, M, is the maximum Mach number in the flow, and [ is
a characteristiclength of the domain. Equations (14-17) are similar
to those for the nonreflecting outflow conditions proposedin Ref. 6,
where the value of o, =0.25 was used. The authors examined
the influence of the parameter o, on the present computation and
validated that identically correct results were obtained when it was

boundedin therange of 0.1-0.4. The effect of drifting mean pressure
level appeared for values out of this range. The value of ¢, =0.25
is recommended also for the soft inflow conditionsin this paper. It
turns out that the application of the soft inflow conditions to actual
computations gives satisfactory results; that is, the mean amplitude
of the inflow velocity is maintained and the nonreflection effect is
achieved at the same time.

The quasi-isentropicconditionsets the value of anotherincoming
wave L, =0, where L, is the amplitude of the entropy wave as
expressedin Sec. II.A. In this procedure, therefore, all amplitudes of
the characteristic waves are determined, and the results are inserted
in Eq. (8) to impose the soft inflow boundary conditions on the
normal-flux derivative terms of Eq. (6). Not only the quasi-isentropic
condition suggested here, but also constant temperature or total-
enthalpy condition can be considered in the evaluation of L, for a
variation of the soft inflow boundary conditions.

For the computations of viscous flows, additional viscous con-
ditions are required: The tangential stresses and the normal heat
flux have zero spatial gradientsin the directionnormal to the inflow
boundary. The viscous conditions are expressed as

where n means the normal direction. These conditions are used to
remove unnecessary wave reflections generated by jumps of the
viscous flux derivatives at the boundary.

B. Nonreflecting Outflow Conditions

Considering a subsonic exit plane & =&, where the nonreflect-
ing boundary conditions are implemented, one can notice that four
characteristic waves, L, L,, L3, and L, are leaving the computa-
tional domain while Ls is entering it at the speed of As5. Specifying
one inviscid boundary condition for the primitive variables would
generate reflected waves. For example, imposing the static pressure
at the outlet p = p,, leads to a well-posed problem, which will,
however, create acoustic wave reflections. Therefore, it is necessary
to use only nonreflecting boundary conditions to avoid this kind of
reflection. The desirable nonreflecting outflow conditions will let
the acoustic waves radiate well through the boundary and make the
mean flow information in the far field feed back into the computa-
tion. Physically, this information is transported by waves reflecting
on the regions far from computational domain where some static
pressure p., is specified and propagating back from the outside of
the domain to the inside through the boundaries. Thus, some phys-
ical information on the mean static pressure should be added to the
set of outflow boundary conditions so that the problem remains well
posed.®

One possible physical conditionis chosen for the outflow bound-
ary condition, thatis, the pressure at infinity, is imposed. This condi-
tion does not fix any of the dependent variables and all conservation
equationsin the system of Eq. (6) are solved on the boundary. This
conditionis now used to obtain the amplitude variation of the incom-
ing wave Ls. The other four L; are computed from interior points
using Eq. (7). If the exit pressure is not close to p , reflected waves
will enter the domain through the exit boundary to bring the mean
exit pressure back to a value close to p. . A simple way to ensure a
well-posed state is to set the amplitude of incoming wave as

LS = Koul[(p - Poo)/PC] (19)
where K, is a constantexpressed as

Kou = ool = M2, )(c/ D) (20)
The form of constant K, is the one proposed by Rudy and
Strikwerda,'® who derived a similar boundary condition but applied
it only in the energy equation. When o,y =0, Eq. (19) sets the am-
plitude of reflected waves to 0. This is the case used by Thompson®
and called a perfectly nonreflecting condition. This condition, how-
ever, results in ill-posed effects of the drifting mean pressuresin the
whole domain after a long-time calculation, as mentioned in Ref. 6.
By going through some numerical experiments and tests, Poinsot
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and Lele® found an optimal value of the coefficient oy, =0.25. This
value is applied to actual computations here as well. In this way,
all amplitudes of the characteristic waves are determined, and the
results are inserted in Eq. (8) to impose the nonreflecting outflow
conditions on the normal-flux derivative terms of Eq. (6). For the
computationsof viscous flows, additional viscous conditions are re-
quired, which are the same as those for the soft inflow conditionsas
expressed by Eq. (18).

C. No-Slip Wall Conditions

Considering a no-slip wall plane & =§&,,,, all velocity compo-
nents vanish at the wall, and, therefore, the wave amplitudes L, L,
and L; become zero from Eq. (4) in which the wave speeds 4, 4,
and A; are equal to U. One wave L, is leaving the computational
domain through the wall, while a reflected wave L5 is entering the
domain. LODI relation (13) suggests that the amplitude of the re-
flected wave should be

Ls =1L, 21

where L, is computed from interior points using Eq. (7). Now, all
amplitudes of the characteristic waves are determined and inserted
in Eq. (8) to impose the no-slip wall conditions on the normal-flux
derivative terms of Eq. (6). Because all velocity components are
fixed by zero values, the momentum equations in the system of
Eq. (6) are not needed. The continuity and the energy equations are
solved to obtain density and pressure. When an adiabatic wall is
considered, the normal heat flux is set to be zero on the boundary:

qn =0 (22)
where n means the direction normal to the solid wall boundary.

IV. Application to Actual Computation

A. Numerical Schemes and Problem Definition

The generalized characteristicboundary conditionsare applied to
actual computationof Navier-Stokes equationsusing the high-order
and high-resolutionnumerical algorithms. For the present work, the
optimized fourth-order compact (OFOC) schemes are used for the
evaluation of spatial derivatives and the fourth-order Runge-Kutta
scheme is used for the integration in time.!!*?° The viscous terms
are differenced twice in succession using the OFOC schemes for
the first-order derivatives. Two-dimensional laminar flow over a cir-
cular cylinder is computed, and von Kdrmdn vortex streets behind
the cylinder are simulated. Oscillating lift and drag force on the
cylinder surface are calculated, and the far-field acoustic sound in-
duced by the regular shedding of vortices, which is well known as
the dipole Aeolian tone sound, is measured directly. The Reynolds
number Re,, =400 based on the free-stream velocity and the cylin-
der diameter and the freestream Mach number M, =0.3 are im-
posed on the computation. In the literature, it was shown that the
streets of regularly spaced vortices exist with laminar cores over the
range of Reynolds numbers from 65 to approximately 400. It can
be considered that the flow is laminar on the whole in the present
computation.

B. Grid Mesh and Computation Procedure

The grid meshes are clustered on the cylinder surface and the
downstream region, where large gradients and variations of flow
propertiesexist. These are generated by combining some kind of al-
gebraic functions of second-order continuities,and the grid metrics
are evaluated exactly. There is no error caused by the grid metrics
in this computation. The computationaldomain and grid system are
shown in Fig. 1. The numbers of grid points are 201 in circumfer-
ential direction and 101 in radial direction (201 X 101). The grid
points are so concentrated near the cylinder surface that the bound-
ary layer can be captured by about 20 points on an average in the
radial direction. The minimum grid size at the rear side of cylinder
surface is given as Ax/d =0.005 and Ay/d =0.02, where d is the
cylinder diameter. The diameter of the far-field circle is 40 times as
long as the cylinder diameter. This domain size is determined to cap-
ture at least one wavelength of the dipole sound waves in the radial
direction, in the aeroacoustic sense. The soft inflow conditions are
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Fig.1 Grid mesh system for computation of circular cylinder flow.

implemented on the left-half circle plane, the nonreflecting outflow
conditions on the right-halfcircle plane, and the no-slip wall condi-
tions on the cylinder surface in Fig. 1. The computationis continued
until the nondimensional time reaches t* =tu., /d =223.2, where
U is the inflow speed, and about 72 vortices have been shed from
the upper and lower surface of the cylinder alternatively during that
time. The size of time step is determined by Courant-Friedrichs-
Lewy conditionof Courantnumber0.9, and there250,000time steps
at the final stage.

C. Overview of Sound Generation and Propagation

As the results of the computation, the density and the Mach num-
ber contours that cannot be provided by the incompressible flow
computations are presented to visualize the effects of compressibil-
ity in Figs. 2 and 3, respectively. The density contour plots show
the propagation pattern of far-field acoustic waves generated by the
shedding vortices behind cylinder and reveal the position of each
vortex clearly. The Mach number contours show the attached bound-
ary layer on the front surface of the cylinder, the mixing layers of the
separatedflows, and the downstreamflow patterns well. By thedirect
computation of compressible flow, the generation and propagation
of acoustic waves, which come from the close relations between the
fluctuations of density, pressure, and velocity, are simulated well,
where the fluctuation magnitudes in the far field are much smaller
than those in the near field by three to four orders.

The effect of compressibilityin the near field causes the variations
of density as well as the pressure and velocity in space and time,
and eventually these generate the acoustic waves propagated to the
far field, where the flow is almost incompressible. In Fig. 2b, just
behind the cylinder, a pair of vortices rotating in reverse directions
with each other create an induced velocity in the direction upstream
to the cylinder. The induced velocity conflicts with the cylinder sur-
face, and a high-density spot is produced there. This spot is located
just above or below the nearest vortex from the cylinder. The high-
density spot and the nearest vortex having a low-density spot on
its center construct a dipole source whose direction is oscillating
up and down as the vortices are shedding from the upper and the
lower surfaces of the cylinder. This phenomenon makes the Aeolian
tone sound of cylinder flows. The resulting sound pressure fields
are shown in Fig. 4, where the typical dipole acoustic fields are
represented clearly. The soft inflow conditions are so effective in
this case that no reflections are made at the inlet boundary, that is,
left-halfcircle plane. Otherwise, unwantedseriousreflections would
be generated if the earlier inflow conditions were implemented, as
mentioned in the Introductionand Sec. III.A. The sound field made
by Poinsot and Lele’s inflow conditions’ is shown in Fig. 5, where
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Fig.2 Density contours (p/p ) at the final stage.

it is obvious that the reflected waves contaminate the whole sound
field.

D. Aerodynamic Results vs Experimental Data

The lift and the drag force exerted on the cylinder surface fluctu-
ate in time due to the periodic shedding of vortices. The frequency
or period of vortex shedding can be measured by evaluating those
of the oscillating lift or drag coefficient. Time-dependentsignals of
lift and drag coefficient are presented in Fig. 6, where the lift and
the drag coefficient are calculated by integrating the distributions
of pressure and shear stresses on the cylinder surface. Because the
computation begins with an impulsive initial condition that is given
by the potential flow solutions, vortex shedding does not occur for
a considerable time. However, after the first shedding occurs, the
flow goes through a transient state to arrive at the state of periodic
shedding of vortices, as shown in Fig 6. It is obvious that a con-
stant frequency and magnitude of fluctuations are acquired in the
periodic shedding mode. The Strouhal number calculated by the
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Fig.3 Mach number contours at the final stage.

results in Fig. 6 is St = f,d/u, =0.211, where f; is the shedding
frequency. Moreover, the rms lift and the mean drag coefficient are
also calculated with the results in Fig. 6 as C? "2 =0.711and C,, =
1.163.

In a regular range of Reynolds numbers from about 6 X 10! to
5 X 10°, experimental measurements show that the nondimensional
frequency of shedding vortices, that is, the Strouhal number, de-
pends only on Reynolds number. According to Refs. 21 and 22,
most measurements reveal Strouhal numbers of 0.21 = 0.005 and
the mean drag coefficients of 1.17 = 0.01 where Re,, =400. There-
fore, the Strouhal number and the mean drag coefficient calculated
in the present computation are in very good agreement with the ex-
perimental measurements performed in Refs. 21 and 22. The value
of rms lift coefficient calculated in this paper then can be proposed
as an accurate result. By the comparisons between the computation
results and the experimental data, it is concluded that the general-
ized characteristic boundary conditions are used accurately at the
wall.
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0
x/d
Fig. 4 Visualization of dipole sound field: pressure contours (p/pc )
filtered for acoustic waves at the final state (101 levels).

UL L L

Fig. 5 Contaminated sound field due to the earlier reflective inflow
conditions.

E. Aeroacoustic Results vs Analytic Estimations

Acoustic waves generated by the periodicsheddingof vortices are
measured at the far-field boundary. The Aeolian tone sound radiated
by the flow across a circularcylinderis one of the most fundamental
of acoustic phenomena. It is a kind of dipole sound generated by
nonvibrating bodies. This sound is measured directly in the present
computation without solving an integral equation of acoustic anal-
ogy. The measurementof acoustic waves is performedat three points
of the far-field boundary: a, front end; b, upper end; and c, lower
end. Time-dependent signals of acoustic pressure are presented
in Fig. 7. The sound pressure levels (SPL.) at the three points
calculated by the results in Fig. 7 are p2'?/p, =1.709 X 107*
(118.6dB), 1.277 X 1073 (136.1 dB), and 1.278 X 1072 (136.1 dB)
at point a, b, and c, respectively. These fluctuation values are rel-
atively small (less than the mean value by three to four orders of
magnitude) so that the standard numerical schemes and nonphys-
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Fig. 6 Time-dependent signals of lift and drag coefficient.

ical boundary conditions cannot reproduce them precisely for this
problem.

The radiated SPL from any two-dimensional compactrigid body
can be estimated by an analytic formula, which is directly propor-
tional to the rms fluctuatingforce per unitlengthon the body surface,
so that

—l —
P2 (x) = 2 Jol2nrcy F2(1)® cos0 (23)

where 0 is measured from the direction of the fluctuating force
vector?! The fluctuating forces include the lift and the drag force.
This equationdoes not contain the effects of quadrupolesources,and
itis applicableto subsonicrange in which the quadrupolestrengthis
negligible in comparisonto the dipole. Then the SPL at the far-field
boundary can be estimated analytically by the following relation:

E—
22 - 2 A R

P (x) — P uoo w [Cz COSZ 9
Poo 4pe \/ 2TrCo

—_— L
+4(Cp — Cp)?sin’ 0] (24)

where the present values of Strouhal number 0.211, rms lift coef-
ficient 0.711, and the mean drag coefficient 1.163 are used. From
Ecl.m(24), the analytic estimations of SPL at the three points are
P? I pe =1.890 X 107*(119.5dB), 1.260 X 1073 (136.0dB), and
1.260 X 1073 (136.0 dB) at point @, b, and c, respectively. There-
fore, it is shown that the SPL computed directly in the present work
are in good agreement with those estimated analyticallyby Eq. (24)
with a tolerableaccuracy.The differencesbetween the SPL obtained
by the direct computation and by the analytic formula are less than
1 dB. Also, the directivity patterns of the far-field SPL obtained
by the direct computation and by Eq. (24) are plotted in Fig. 8 to
reveal the accurate results of the present work at all angles on the
whole, except for the wake region. In these comparisons between
the computation results and the analytical estimations, it is con-
cluded that the generalized characteristic boundary conditions are
used accurately at the inlet and the exit plane.

F. Miscellaneous Test

Grid convergence of the present computations is tested to sup-
port the accuracy obtained in the preceding results and to show the
robustness of the numerical algorithms used and the boundary con-
ditions developed. The same computations are done on four other
grid meshes (181 X91, 161 X81, 141 X71, and 121 X61), which
are coarser than the original grid meshes (201 X 101) used earlier.
The results of grid convergence study are given in Table 1, where
the Strouhal number, the rms lift coefficient, the mean drag coef-
ficient, and the far-field SPL at the three observer points are listed
accordingto the five kinds of grid meshes and are compared with the
experimental data or the analytic estimations. The grid convergence
test reveals that the results of original computation have little grid
dependency and their accuracy is verified sufficiently.
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Table1l Comparison of the results on various grid meshes for grid convergence study

—_—1/2

—_l/2

—_—1/2

—_—1/2

Case St c: Cp P2 poo P2/ peo P2 I peo
Experimental or analytic ~ 0.21+£0.005 ——  1.17+001  1.890X107* (119.5dB)  1.260X1073 (136.0dB)  1.260 X 1073 (136.0 dB)
Grid 1 (201 X101) 0.211 0.711 1.163 1.709 X 104 (118.6dB)  1.277 X 1073 (136.1dB)  1.278 X1073 (136.1 dB)
Grid 2 (181 X91) 0.210 0.707 1.158 1.686 X 1074 (118.5dB)  1.264 X 1073 (136.0dB)  1.265 X 1073 (136.0 dB)
Grid 3 (161 X81) 0.206 0.687 1.138 1.534x1074 (117.7dB)  1.241x1073(135.9dB)  1.240 X 1073 (135.9dB)
Grid 4 (141 X71) 0.201 0.649 1.099 1.330x 1074 (116.5dB)  1.202 X 1073 (135.6dB)  1.203 X 1073 (135.6 dB)
Grid 5 (121 X61) 0.195 0.605 1.058 0.970 X 10™* (113.7dB)  1.082 X 1073 (134.7dB)  1.082 X 1073 (134.7 dB)
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Fig.7 Acoustic signals of the far-field boundary.
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V. Conclusions

The generalized characteristic boundary conditions for the en-
tire conservation-form Euler or Navier-Stokes equations are for-
mulated and applied successfully. The soft inflow conditions are
implemented so effectively as to accomplish the nonreflecting fea-
tures and maintain the mean inflow velocity at the inlet boundary.
The improved boundary conditions are used well with the high-
order and high-resolutionschemes to solve the flow and the acous-
tic field accurately at the same time, in the presence of a solid body
in the flow. The extended formalism derived in the generalized co-
ordinates and the results of its applications verified by the exper-
imental data and the analytic estimations are used for the further
developments of CAA research with the characteristic boundary
conditions.
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